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Let n ∈ Z+, and Φn(x) be the nth classical cyclotomic 
polynomial. In [4, Theorem 1], D. Lehmer showed that the 
geometric mean of {Φs(1) : s, n ∈ Z+, s ≤ n} → e ≈ 2.71828, 
as n → ∞. Replacing Z by Fq [T ], and the nth elementary 
cylcotomic polynomial Φn(x) by the Carlitz m-cyclotomic 
polynomial Φm(x), where m ∈ Fq[T ], we obtain an analogue 
to Lehmer’s result. We also express Φm(0) ∈ F2[T ] in terms of 
φ∗(·), the Pillai polynomial function. The resulting expression 
is a function field analogue of Hölder’s formula for Φn(1).

© 2015 Elsevier Inc. All rights reserved.

1. Introduction

Let n be a positive integer, the elementary nth cyclotomic polynomial is the polyno-
mial
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Φn(x) =
n∏′

j=1
(x− ζj),

where ζj are the nth roots of unity in C given by ζj = e
2πij
n . The prime in the product 

simply means that the product is taken over all positive integers less than n that are 
co-prime to n, i.e., the ζj ’s are the primitive nth roots of unity. The degree of Φn(x)
is ϕ(n), where ϕ(n) is the Euler Totient function. Since each nth root of unity is a 
primitive dth root of unity for a unique d dividing n (corollary to Lagrange’s Theorem), 
we have the following fundamental relation involving cyclotomic polynomials (as d runs 
over positive divisors of n),

xn − 1 =
∏
d|n

Φd(x). (1)

Applying the (multiplicative form of the) Möbius inversion formula to Equation (1), we 
get

Φn(x) =
∏
d|n

(xd − 1)μ(n
d ). (2)

Here μ is the Möbius function. Recall that this is the arithmetic function defined as

μ(n) =
{

(−1)s, n is square free with t distinct prime factors,
0, otherwise.

(3)

The Möbius function satisfies the following identity [10, Theorem 2.1]

∑
d|n

μ(d) =
{

1, n = 1
0, n �= 1.

It is well known that Φn(x) is a monic polynomial, has integer coefficients and is irre-
ducible over Q, see [5]. There is enormous literature concerning properties and coefficients 
of cyclotomic polynomials, see [7,11,12] and a number of others focusing on the Fq[T ]
analogues of these objects, e.g., [2,8,9]. However, in all these resources, the analogues of 
the Theorems 1.1, 1.2 and 1.3 have not been explored. It is the analogues of these results 
that we attempt to prove in this article. To achieve this, let us first recall the classical 
situation.

The von Mangoldt function is an arithmetic function defined as follows:

Λ(n) :=
{

0, n �= ps

log(p), n = ps.
(4)

It satisfies the following identities: if n is a positive integer, then
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log(n) =
∑
d|n

Λ(n), (5)

Λ(n) =
∑
d|n

μ
(n
d

)
log(d). (6)

For the proof of these results see [10, Theorems 2.10 and 2.11]. We have the following 
classical results.

Theorem 1.1. (See V. Lebesque (1859) in [4].) Let n, s ∈ Z+. We have that

Φn(1) =

⎧⎪⎪⎨
⎪⎪⎩

0, n = 1,
1, n �= ps,

p, n = ps.

Theorem 1.2. (See [4, Theorem 1].) The geometric mean of {Φn(1) : n, s ∈ Z+, s ≤ n} →
e ≈ 2.71828 as n → ∞.

Theorem 1.3. (See O. Hölder (1936) in [4].) Let n ∈ Z+. We have that

Φ′
n(1) =

{
1, n = 1,
1
2ϕ(n)Φn(1), n �= 1.

2. Function fields

Motivated by the beautiful number fields–function fields analogy; in particular the 
base case Z ↔ Q and Fq[T ] ↔ Fq(T ), we examine this analogy in the lens of cyclotomic 
polynomials. The first attempts were made by L. Carlitz [6] when he constructed an 
analogous class of polynomials parametrised by the elements m ∈ Fq[T ]. The zeroes 
of each such a polynomial, say ρm(x) form an Fq[T ]-module. In addition, adjoining 
the zeroes of ρm(x) to Fq(T ) yields a Galois extension of Fq(T ) whose Galois group 
is isomorphic to (Fq[T ]/mFq[T ])∗. The closer analogy with elementary properties of 
cyclotomic polynomials was popularised by S. Bae [8]. We extend this analogy by proving 
Fq[T ] versions of Theorems 1.1, 1.2 and 1.3. Here are some preliminary remarks.

Let p be a prime number, q = ps for some s ∈ Z+, Fq be finite field with q elements, 
T be an indeterminate. Let A := Fq[T ], A+ be the set of monics in A, k := Fq(T ) be the 
fraction field of A, k∞ and K be the algebraic closure of k∞. k∞ has a non-archimedean 
valuation given by |T | := |T |∞ = q. Let C∞ be the completion of K, with respect to the 
canonical extension of | · |∞ in k∞. C∞ is both complete and algebraically closed.

Let τ be the qth power Frobenius map, then K{τ} is the non-commutative ring of 
polynomials in the variable τ with coefficients in k subject to the commutation relation 
τw = wqτ for all w ∈ K. The ring K{τ} is called the ring of “twisted polynomials” in τ . It 
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is isomorphic to the ring of (additive) polynomials of the form 
∑n

i=0 aix
qi where addition 

is defined as usual and multiplication is defined by composition of polynomials [3].
The Carlitz module homomorphism is the ring homomorphism ρ : A → K{τ} char-

acterised by ρT = τ + T . Let m ∈ A and a ∈ C∞, we set m ∗ a := ρm(a) giving C∞
a new A-module structure. We call the pair C := (C∞, ρ), the Carlitz A-module, i.e., 
the abelian group C∞ together with the ring homomorphism ρ. So, with each m ∈ A, 
we associate an additive (polynomial in xqi ’s), separable polynomial ρm(x) called the 
Carlitz m-polynomial.

As an example, we compute ρT 2+1(x) in A. By definition of the ring homomorphism 
ρ, ρ1(x) = x and ρT (x) = xq +Tx. Also ρT 2(x) = ρT (ρT (x)), since ρ is a ring homomor-
phism (composition of functions). So

ρT 2(x) = ρT (xq + Tx) = xq2
+ (T q + T )xq + T 2x.

Since ρ is additive, we have ρT 2+1(x) = ρT 2(x) + ρ1(x) = xq2 + (T q + T )xq + (T 2 + 1)x.
Let m ∈ A, then C∞[m] := {λ ∈ C∞ : ρm(λ) = 0} is the set of Carlitz m-torsion 

points. As A-modules, C∞[m] ∼= A/mA through the Carlitz module homomorphism ρ. 
Now, λ ∈ C∞[m] is a primitive m-torsion point if and only if it generates C∞[m] as 
an A-module. Adjoining C∞[m] to k produces a Galois extension Km := k(C∞[m]) of 
degree ϕ(m), called the Carlitz m-cyclotomic function field, see [3] and [9] for details.

Definition 2.1. Let m ∈ A+, the Carlitz m-cyclotomic polynomial over k is the polyno-
mial,

Φm(x) =
∏

λ:primitive m-torsion

(x− λ)

Remark 2.2. Definition 2.1 extends to A as follows: for any m ∈ A+ and α ∈ Fq, 
Φαm(x) := αΦm(x) [2].

Mimicking the proof in [5], it is easy to show that Φm(x) has integer coefficients (in the 
sense that they are elements of A), has degree ϕ(m) := #(A/mA)∗ and is irreducible 
over k. In [8], S. Bae showed that these polynomials share many properties with the 
classical ones. For example, if m ∈ A+, then

ρm(x) =
∏
D|m

ΦD(x), (7)

where the product runs over all monic divisors of m. Applying the Möbius inversion 
formula, we obtain

Φm(x) =
∏
D|m

ρD(x)μ(m
D ), (8)
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where μ is the polynomial Möbius function defined as

μ(m) =
{

(−1)s, m is square free with s distinct prime factors,
0, otherwise.

Moreover, μ satisfies the following identity [10, Theorem 2.1]

∑
D|m

μ(D) =
{

1, m = 1
0, m �= 1.

The identity in Equation (8) helps us to study properties of Φm(x). Imitating classical 
construction, L. Carlitz defined more general absolute functions from A+ to C∞. In our 
case, let expA(·) and LogA(·) be formal exponential and logarithm with the standard 
properties of the real exponential and logarithm functions. For example, for any f, g ∈ A, 
(i) expA(f + g) = expA(f)expA(g), (ii) expA(LogA(f)) = f , (iii) LogA(expA(f)) = f

and (iv) LogA(fg) = LogA(f) + LogA(g). This yields two analogues of von Mangoldt 
functions, namely

Λ0(m) =
{

deg(P ), m = P s,

0, otherwise,
and Λ1(m) =

{
LogA(P ), m = P s,

1, otherwise.
(9)

These two von Mangoldt functions satisfy the following identities.

Proposition 2.3. Let m ∈ A+. We have that

{
deg(m) =

∑
D|m Λ0(D),

LogA(m) =
∑

D|m Λ1(D),
and

{
Λ0(m) =

∑
D|m deg(D),

Λ1(m) =
∑

D|m LogA(D).

Proof. Take m = P e1
1 · · ·P es

s to be the prime factorisation of m. Then

{∑
D|m Λ0(D) =

∑s
i=1

∑ei
j=1 Λ0(P j

i ) =
∑s

i=1 ei · Λ0(Pi) =
∑s

i=1 Λ0(P ei
i ) = deg(m),∑

D|m Λ0(D) =
∑s

i=1
∑ei

j=1 Λ1(P j
i ) =

∑s
i=1 ei · Λ1(Pi) =

∑s
i=1 Λ1(P ei

i ) = LogA(m).

The second pair of equations follow by using the Möbius inversion formula for Fq[T ]. �
Proposition 2.4. Let m ∈ A+. We have that

Φm(0) =

⎧⎪⎪⎨
⎪⎪⎩

0, m = 1,
P, m = P s, s ∈ Z+

1, m �= P s.
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Proof. If m = 1, then we have Φ1(0) = 0. For m �= 1, it follows by Equations (7) and (8), 
that

Φm(x) =
∏
D|m

ρD(x)μ(m
D ) = x

∑
D|m μ(m

D )
∏
D|m

ρ+
D(x)μ(m

D ) =
∏
D|m

(ρ+
D(x))μ(m

D ),

where ρ+
D(x) = x−1ρD(x). Setting x = 0, and applying Proposition 2.3 and Equation (9)

yields

Φm(0) =
∏
D|m

Dμ(m
D ) = expA

⎛
⎝∑

D|m
μ
(m
D

)
LogA(D)

⎞
⎠

= expA(Λ1(m)) =
{
P, m = P s, s ∈ Z+,

1, m �= 1, P s.
�

Remark 2.5. Proposition 2.4 is analogous to Theorem 1.1, with 1 replaced by 0 and 
n by m.

Let us recall the fundamental numbers used in the arithmetic of A. We define the 
symbols [0] := 1 and for i ∈ Z≥1, [i] = T qi −T , Li = [i][i −1] · · · [1] and Di = [i][i −1]q · · ·
[1]qi−1 , see [3]. We obtain the following result.

Theorem 2.6. The geometric mean of {Φm(0) : m ∈ A+, deg(m) ≤ n} → [1]
1
q as 

deg(m) → ∞.

Proof. Let En be the geometric mean of {Φm(0) : m ∈ A+, deg(m) ≤ n}. By Proposi-
tion 2.4 we have

En =

⎛
⎝ ∏

m∈A+,1≤deg(m)≤n

Φm(0)

⎞
⎠

q−1
qn+1−q

=

⎛
⎝ ∏

1≤deg(P s)≤n

P

⎞
⎠

q−1
qn+1−q

= (Ln)
q−q

qn+1−q ,

where Ln = [n][n − 1] · · · [1]. The product 
∏

1≤deg(P s)≤n P is the least common multiple 
of the nonzero polynomials in A of degree less or equal to n. By [3, Proposition 3.1.6], 
this is Ln which has degree q

n−1
q−1 . Set

ξn =
n−1∏
j=1

(
1 − [j]

[j + 1]

)
= [1]

qn−1
q−1

Ln
, n ≥ 1.

Since v∞(ξn) = 0 for all n ∈ Z+, it is clear, the sequence {ξn} has a limit in ξ ∈ k∞. So

lim
n→∞

En = lim
n→∞

(Ln)
q−1

qn+1−q = lim
n→∞

(
[1]

qn−1
q−1

ξn

) q−1
qn+1−q

= α[1]
1
q ,
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where α = (1)
1
q ∈ Fq. Since αq = 1, its order in F∗

q is 1, and so α = 1. �
Remark 2.7. The classical geometric mean tends to the transcendental number e (The-
orem 1.2), whereas the Carlitz geometric mean tends to an “algebraic number” in k∞.

Although a great deal is known about Φm(x), some properties of its coefficients are 
still imperfectly understood. In the propositions below, we study some of these spe-
cial properties over F2[T ]. We shall need the following arithmetic functions, the Euler 
Totient function and the absolute Pillai arithmetic function. Over Fq[T ], the Euler To-
tient function ϕ is defined as ϕ(m) := #(A/mA)∗ for any m ∈ A+. Its properties 
are analogous to those of the classical Euler Totient function and follow almost triv-
ially from counting principles in A, for example, ϕ(1) = 1, ϕ(P s) = |P |s−1(|P | − 1)
and ϕ(m1m2) = ϕ(m1)ϕ(m2) if (m1, m2) = 1, i.e., multiplicativity. The absolute Pillai 
arithmetic function is the mapping φ∗ : A → A given by φ∗(m) =

∑
a∈Am

(a, m), where 
Am := {a ∈ A : |a| < |m|} and (a, m) is the greatest common divisor (gcd) of D and m.

Proposition 2.8. φ∗ is a multiplicative function.

Proof. By grouping the terms according to the gcd we have φ∗(m) =
∑

a∈Am
(a, m) =∑

D|m ϕ(mD )(D, m). Since the gcd function and ϕ(m) are multiplicative, so is their Dirich-
let product which in this case is φ∗. �

We have φ∗(1) = 1, φ∗(P s) = P s−1(P − 1) and φ∗(m1m2) = φ∗(m1)φ∗(m2) if 
(m1, m2) = 1. Although the properties of φ∗ are analogous to those of ϕ, the function 
φ∗ is analogous to the gcd sum. We also have that

m =
∑
D|m

φ∗(D) and φ∗(m) =
∑
D|m

Dμ
(m
D

)
.

Theorem 2.9. Let q = 2 and m ∈ A+. We have that Φ′
1(0) = 1 and if deg(m) ≥ 1 then

Φ′
m(0) = Φm(0)φ∗(m)

T (T + 1) ,

where φ∗(m) is the analogue of Pillai arithmetical function.

Proof. It is trivial, when m = 1, as Φm(x) = x and so Φ′
m(1) = 1. Let m ∈ A+ − {1}, 

then

Φm(x) =
∏
D|m

ρD(x)μ(m
D ) =

∏
D|m

ρ+
D(x)μ(m

D ),

where ρ+
D(x) = ρD(x) , so ρ+

D(0) = D. Taking logarithmic derivatives on both sides yields
x
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Φ′
m(x)

Φm(x) =
∑
D|m

μ
(m
D

) (ρ+
D(x))′

ρ+
D(x)

.

So, we have

Φ′
m(0) =

⎛
⎝Φm(x)

∑
D|m

μ
(m
D

) (ρ+
D(x))′

ρ+
D(x)

⎞
⎠∣∣∣

x=0
=

∑
D|m

μ
(m
D

){
Φm(x) (ρ+

D(x))′

ρ+
D(x)

} ∣∣∣
x=0

=
∑
D|m

μ
(m
D

)
Φm(0)

{
D2−D
T 2−T

D

}
= Φm(0)

∑
D|m

μ
(m
D

) D − 1
T 2 − T

= Φm(0)
T (T + 1)

∑
D|m

μ
(m
D

)
(D − 1) = Φm(0)

T (T + 1)
∑
D|m

Dμ
(m
D

)
= Φm(0)φ∗(m)

T (T + 1) ,

where φ∗(m) is the analogue of Pillai arithmetical function. �
Remark 2.10. Theorem 2.9 is analogous to Theorem 1.3 with ϕ(n) replaced by φ∗(m)
and Φn(1) by Φm(0).

Notes added to the proof : All the above discussed old and new results form part of the 
author’s PhD thesis [1].
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