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In 1994, D. Thakur introduced the notion of Wieferich primes 
for the Carlitz module, hereafter called c-Wieferich primes. 
At almost the same time, L. Denis proved the Carlitz module 
analogue of the famous Fermat’s Last Theorem. In this article, 
we relate Thakur’s definition of c-Wieferich primes to Denis’ 
result and state the necessary and sufficient condition for a 
monic irreducible (prime) polynomial P in Fq[T ] to be c-
Wieferich. We use this condition to give another proof for 
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With the help of the SAGE software, we compute several 
examples of c-Wieferich primes for the rings Fq[T ], where 
q ∈ {3, 5, 7, 11, 13, 19, 29, 37}. Lastly, we unconditionally prove 
infinitude of non-c-Wieferich primes in Fq[T ] for q > 2.
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1. Classical Wieferich primes

Fermat’s Last Theorem (FLT) is the assertion that: for n ∈ N≥3, the equation xn +
yn = zn has no integer solutions (x, y, z) with xyz �= 0. This was proved by A. Wiles with 
help from R. Taylor. Now, P. Fermat had conjectured this result and only proved it for 
the case n = 4, (and as a corollary, FLT is true for any positive multiple of 4). Since every 
n ∈ N≥3 is either divisible by 4 or an odd prime, in order to prove Fermat’s Conjecture, 
it remained to prove it for every odd prime. Two cases became distinguished: the first 
when the odd prime p does not divide xyz and the second when it does. A. Wieferich 
[19] proved Theorem 1.1.

Theorem 1.1 (A. Wieferich). If the first case of FLT is false for an odd prime p, then 
2p−1 ≡ 1( mod p2).

The prime numbers p that satisfy the congruence 2p−1 ≡ 1( mod p2) are called 
Wieferich primes. Early on, the search for these primes became important because of 
their connection to the first case of FLT. Despite the number of extensive searches, the 
only Wieferich primes known are 1093 and 3511 (sequence A001220 in OEIS). We do 
not know whether there are finitely many Wieferich primes. However, there is a heuristic 
argument that asserts the number of Wieferich primes up to x to be O(log(log(x))), [11, 
page 226].

A non-Wieferich prime is any prime number p satisfying 2p−1 �≡ 1( mod p2). Despite 
the overwhelming evidence for non-Wieferich primes, our best result is based on (a widely 
believed) conjecture. J. Silverman [13, Theorem 1] proved that: the Masser–Oesterlé 
ABC – Conjecture implies infinitude of non-Wieferich primes.

In [9], D. Mirimanoff showed that Theorem 1.1 is true when the base 2 is replaced 
by 3. Currently, it is known that the base 2 can be replaced by any prime a < 113
[15] with the same conclusion as in Theorem 1.1. In general, a Wieferich prime to base 
a ∈ Z≥2 is defined to be any prime p satisfying ap−1 ≡ 1( mod p2). It is traditional to 
refer to “Wieferich primes to base 2” as Wieferich primes (without reference to the base).

So far, we have given a brief overview of the known results about classical Wieferich 
primes. In the proceeding sections, we shall discuss their Carlitz module analogues as 
well as some algorithms for their computation.

2. The Carlitz module and Carlitz polynomials

Let p be a prime number, q be a p-power, A := Fq[T ], k := Fq(T ) and K be a fixed 
algebraic closure of k. For each a ∈ A − {0}, the absolute value of a is defined to be 
|a| := #(A/aA) = qdeg(a) and |0| := 0. By a prime P in A, we shall mean P is a monic 
irreducible polynomial in A. For the commutative A-algebra K, let τ be the qth-power 
Frobenius mapping, i.e., x �→ xq for all x ∈ K. Let A{τ} be an A-submodule generated by 
τ i, i = 0, 1, 2, . . . . Then A{τ} forms a ring (the twisted polynomial ring with coefficients 
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in A) with usual addition and multiplication with commutation relation τa = aqτ for 
all a ∈ A. In fact, A{τ} is equal to the endomorphism ring EndFq

(K) of the additive 
group K over Fq. Through the endomorphism τ , the ring A{τ} is isomorphic to the 
ring of additive polynomials with coefficients in A. The Fq-linear ring homomorphism 
ρ : A → A{τ} characterised by 1 �→ τ0 and T �→ ρT = τ + Tτ0 is called the Carlitz 
A-module homomorphism. The pair (K, ρ) =: C with multiplication m ∗ w = ρm(w) for 
all m ∈ A and w ∈ K is called the Carlitz A-module on K. This is sometimes called the 
Carlizification of K. To each N ∈ A − {0}, ρ associates an additive polynomial ρN (x)
given by ρN (x) := ρN (τ)(x) in ∈ A[x], called the Carlitz N -polynomial.

Through the ring homomorphism ρ, K is endowed with a new A-module structure 
with multiplication defined as: for any α ∈ K and N ∈ A, we have N ∗ α = ρN (α). For 
any N ∈ A − {0}, ΛN := {λ ∈ K : N ∗ λ = 0} is the set of Carlitz N -torsion points. 
It coincides with the set of zeros of ρN (x). Through ρ, the set ΛN ⊂ K is endowed 
with an A-module structure (inherits an A-module structure from K) isomorphic to 
A/NA, a cyclic A-module (with usual multiplication) [12, Proposition 12.4]. Therefore, 
ΛN is a cyclic A-module and its generators (as an A-module) are the primitive Carlitz 
N -torsion points. We define the Carlitz Nth cyclotomic polynomial to be the polynomial 
ΦN (x) whose roots are the primitive Carlitz N -torsion points. The polynomials ρN (x)
and ΦN (x) have degrees |N | and ϕ(N) respectively, where ϕ(N) := #(A/NA)×. From 
now on, we shall restrict N to prime polynomials in A. For details on the elementary 
properties of ρN (x) and ΦN (x), see [2] and [3]. For an explicit discussion of arithmetic 
in the Carlitz module, see [7, Chapter 3], [12, Chapter 12] and [4].

Lemma 2.1. Let P be a prime in A. The coefficients of ρP (x) − x|P | are divisible by P .

Proof. We have ρP (x) = x · ΦP (x) since ρP (x) is separable over K and 0 is the only 
non-primitive Carlitz P -torsion point. [12, Corollary to Proposition 12.7] implies that 
ΦP (x) is Eisenstein at P , hence the result. �
Corollary 2.2 (Carlitz–Fermat Theorem). Let P be a prime in A. For each a ∈ A, we 
have ρP−1(a) ≡ 0( mod P ).

3. Carlitz analogue of the first case of Fermat’s Last Theorem

Let N ∈ A − Fq, (Fq considered as a subset of A). In [6, page 2], D. Goss defined the 
following polynomials,

PN (x, y) : = y|N |ρN

(
x

y

)
, (1)

PN (x, y, z) : = PN (x, y) − z|N |. (2)
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We call PN (x, y, z) = 0, the homogeneous geometric Fermat equation. In ([5], Theorems 
1, 2, 3 and 4), L. Denis established Fermat’s Last Theorem for this type of equation. 
From Denis’ result, we extract Statement 3.1.

Statement 3.1 (Analogue of the first case of Fermat’s Last Theorem). Let q > 2 and P
be a prime with deg(P ) > 1. For any (x, y, z) ∈ A3 with P � xyz, PP (x, y, z) �= 0; (and 
for q = 2, we must have deg(P ) > 2).

Theorem 3.2. If Statement 3.1 is false for the prime P ∈ A, then there exists an a ∈ A

coprime to P such that

ρP (a) ≡ a|P |(mod P 2).

Proof. If Statement 3.1 is false for the prime P ∈ A, then there exists (x, y, z) ∈ A3 with 
P coprime to xyz such that PP (x, y, z) = 0. It suffices to consider x, y, z �≡ 0( mod P ). 
Let x1 = z−1x and y1 = z−1y ∈ k×, then

0 = z−|P |PP (x, y, z) = (z−1y)|P |ρP

(
x

y

)
− 1 = PP (z−1x, z−1y) − 1

= y
|P |
1 ρP−1

(
x1

y1

)
+ x1y

|P |−1
1 − 1 ≡ x1 − 1(mod P ).

So x1 = 1 + cP , the denominator of c ∈ k× is coprime to P . Considering PP (x, y, z) = 0
modulo P 2 yields

PP (x1, y1) − 1 = y
|P |
1 ρP

(
1 + cP

y1

)
− 1

≡ y
|P |
1 ρP

(
1
y1

)
− 1(mod P 2).

So y|P |
1 ρP

(
1
y1

)
≡ 1( mod P 2). Since y1 has no factor of P either in numerator or denom-

inator, so is 1
y1

which makes sense modulo P 2. So a, (where a is a representative of the 

equivalence class of 1
y1

modulo P 2) is coprime to P , hence, ρP (a) ≡ a|P |( mod P 2). �
Remark 3.3. Theorem 3.2 is a weak analogue to the mixed bag of results due to 
A. Wieferich, D. Mirimanoff, etc. The classical results are stronger than Theorem 3.2
because each of them implies a fixed base a.

Remark 3.4. If a = 1, then D. Thakur’s definition of c-Wieferich primes [16, page 6] is 
obtained.
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4. Carlitz Wieferich primes in FFFq[T ]

Theorem 3.2 motivates the following definition for Carlitz Wieferich primes in Fq[T ].

Definition 4.1. Let a ∈ A −{0}, a c-Wieferich prime (or Carlitz–Wieferich prime) to base 
a is a prime P in A coprime to a and satisfying ρP (a) ≡ a|P |( mod P 2). If a ∈ F×

q , then 
P is called a c-Wieferich prime. A non-c-Wieferich prime to base a is any prime P that 
is not c-Wieferich to base a, i.e., ρP (a) �≡ a|P |( mod P 2).

We will often use the congruence ρP−1(1) ≡ 0( mod P 2) to define c-Wieferich primes 
in A. In general, D. Thakur proved that, if a is a pth power, then ρP (a) ≡ a|P |( mod P 2)
is equivalent to ρP−1(a) ≡ 0( mod P 2), [18, Theorem 1]. The congruence ρP−1(1) ≡
0( mod P 2) is simple but messy when unpacked. It is for this reason, that we derive 
congruences easier to work with in order to study properties of c-Wieferich primes.

We shall use the following standard notation for A. For each i ∈ Z≥1, [i] := T qi −
T , Li := [i][i − 1] · · · [1] and Di := [i][i − 1]q · · · [1]qi−1 . The symbol [i] represents the 
product of primes of degree dividing i, whereas Li is the least common multiple of monic 
polynomials of degree i and Di is the product of all monic polynomials of degree i. These 
follow from Carlitz’s results, the references [7, Proposition 3.1.6] and [17, page 44] are 
just convenient. We think of the symbol [0] as an empty product and define it as [0] := 1. 
Similarly L0 = D0 = 1.

Let i ∈ Z≥1, define Ai+ to be the set of monic polynomials of degree i and define 
A0+ := {1}, i.e., we consider the constant polynomial 1 to be a monic polynomial. 
Furthermore, for each i ∈ Z≥0, set

Si := (−1)i

Li
=

∑
a∈Ai+

1
a
. (3)

The second equality in Equation (3) follows from Carlitz’s result. Define Fi as

Fi

Li
:=

i∑
j=0

Sj .

Lemma 4.2. Fi satisfies the following recurrence relation; F0 = 1 and Fi+1 = (−1)i+1 +
[i + 1]Fi for i ∈ Z≥0.

Proof. Since L0 = 1, it follows from Equation (3) that S0 = 1 and so F0 = 1. For any 
i ∈ Z≥0, we have

Fi+1

Li+1
=

i+1∑
j=0

(−1)j

Lj
= (−1)i+1

Li+1
+

i∑
j=0

(−1)j

Lj
= (−1)i+1

Li+1
+ Fi

Li
.

Multiplying both sides by Li+1 yields Fi+1 = (−1)i+1 + [i + 1]Fi. �
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It is not difficult to show that Fi is a monic polynomial in A and its degree is q(q
i−1)

q−1
(where i ∈ Z≥0).

Proposition 4.3. Let P be a prime in A. P is a c-Wieferich prime if and only if 
Fdeg(P )−1 ≡ 0( mod P ).

Proof. From [7, Proposition 3.3.10], we have that ρP (1) =
∑deg(P )

i=0 aP,i, where aP,0 = P , 
aP,deg(P ) = 1 and [i]aP,i = aqP,i−1 − aP,i−1 for i = 1, . . . , deg(P ). This implies that 
aP,i ≡ 0( mod P ) for i = 0, . . . , deg(P ) − 1. For i = 0, . . . , deg(P ) − 1, we have [i]aP,i ≡
−aP,i−1( mod P 2) and thence LiaP,i ≡ (−1)iaP,0( mod P 2). So

ρP−1(1) =

⎛
⎝−1 +

deg(P )∑
i=0

aP,i

⎞
⎠ ≡

⎛
⎝aP,0

deg(P )−1∑
i=0

(−1)i

Li

⎞
⎠ ≡ P

deg(P )−1∑
i=0

Si

≡ P
Fdeg(P )−1

Ldeg(P )−1
(mod P 2).

Since Ldeg(P )−1 �≡ 0( mod P ), the proposition follows. �
Remark 4.4. Proposition 4.3 is analogous to the following classical statement: “a prime p

is a Wieferich prime if and only if it divides the numerator of 1
2
∑ϕ(p)

2
i=1

1
i ”, [11, page 216]. 

This is attributed to J. Sylvester.

Corollary 4.5. There are no c-Wieferich primes in A of degree 1.

Proof. Let P be an arbitrary prime in A of 1. Then Fdeg(P )−1 = F0 = 1 �≡ 0( mod P ). 
It follows from Proposition 4.3 that P can not be a c-Wieferich prime in A. �
Theorem 4.6. Every c-Wieferich prime in A also satisfies the congruence ρP−1(T ) ≡
0( mod P 2).

To prove Theorem 4.6, we shall need the following results.

Lemma 4.7 (Wilson’s Theorem, [12, Corollary 2, page 6]).
∏

a∈A−{0},
deg(a)<deg(P )

a ≡ −1 (mod P ). (4)

Lemma 4.8. Let P be a prime in A of degree n and P ′ denote its formal derivative with 
respect to T . Then

P ′ ≡ (−1)n−1Ln−1(mod P ).
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Proof. To prove this congruence, we compute the derivative of Dn with respect to T , 
reduce it modulo P in two different ways and relate the results. Using the definition of 
Dn and reduction modulo P gives

P−1Dn ≡
∏

a∈A−{0},
deg(a)<deg(P )

a
Lemma 4.7≡ −1(mod P ).

So Dn ≡ −P ( mod P 2). Differentiating Dn ≡ −P ( mod P 2) with respect to T yields 
D′

n ≡ −P ′( mod P ). On the other hand, Dn = [n][n − 1]q · · · [1]qn−1 = [n]Dq
n−1. Differ-

entiation with respect to T yields

D′
n = −Dq

n−1 = −[n− 1]q · · · [1]q
n−1

= −([n] − [1]) · · · ([n] − [n− 1])

≡ (−1)nLn−1(mod P ).

Combining the two congruences, we get −P ′ ≡ (−1)nLn−1( mod P ) and we are 
done. �
Proof of Theorem 4.6. Now ρP (T ) =

∑n
i=0 aP,iT

qi , where aP,0 = P, aP,n = 1 and 
[i]aP,i = aqP,i−1 − aP,i−1. Differentiating [i]aP,i = aqP,i−1 − aP,i−1, i ≤ i ≤ n with respect 
to T , followed by reduction modulo P yields [i]a′P,i ≡ −a′P,i−1( mod P ). This implies 
Lia

′
P,i ≡ (−1)ia′P,0( mod P ) and a′P,i ≡ a′P,0Si( mod P ). So,

(ρP−1(T ))′ =
(
−T +

n∑
i=0

aP,iT
qi

)′

≡
(
−1 +

n−1∑
i=0

a′P,iT
qi

)
≡

(
−1 + P ′

n−1∑
i=0

SiT
qi

)

≡
(
−1 + P ′T + P ′

(
n−1∑
i=1

TSi − Si−1

))

≡
(
−1 + P ′

(
TSn−1 + (T − 1)

n−2∑
i=0

Si

))

≡
(
−1 + P ′

(
Sn−1 + (T − 1)

n−1∑
i=0

Si

))
Lemma 4.8≡ (T − 1)P ′

n−1∑
i=0

Si

≡ 0(mod P ),

by assumption, and ρP−1(T ) ≡ 0( mod P 2). �
Remark 4.9. For any prime P in A, ρP−1(T ) ≡ 0( mod P 2) if and only if Fdeg(P )−1 ≡
0( mod P ).

Corollary 4.10. With the exception of T and T+1, all the primes in F2[T ] are c-Wieferich 
primes.
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Proof. First, we show by induction on n ∈ Z, that [1]Fn−1 = [n] for n ≥ 1 and q = 2. 
For n = 1, we have [1]F0 = [1]. Assume for n = i ∈ Z≥1, we have [1]Fi−1 = [i]. We now 
show that [1]Fi = [i + 1]. We have the following calculation,

[1]Fi = [1]((−1)i + [i]Fi−1) = [1] + [1][i]Fi−1 = [1] + [i]2 = [1] + [i + 1] + [1] = [i + 1].

So Fn−1 ≡ [1]−1[n] ≡ 0( mod Qn), where Qn is an arbitrary monic irreducible polyno-
mial of degree n. Therefore, all primes in F2[T ] of degree > 1 are c-Wieferich primes. �
Remark 4.11. Corollary 4.10 was first observed and proved by D. Thakur [18, page 6].

5. Characterising c-Wieferich primes in FFFp[T ]

Lemma 5.1. Let α ∈ F×
p and n ∈ Z>0. Then f = T p − T − α is a prime in Fp[T ] and 

[n] ≡ nα( mod f).

Proof. f is an Artin Schreier polynomial for Fp[T ], and these are well known for being 
irreducible over Fp, [8, Corollary 3.79]. Lastly, we have [n] = (T p − T )pn−1 + (T p −
T )pn−2 + · · · + (T p − T )p0 ≡ nα( mod f). �

Let n ∈ Z≥0 and x be an indeterminate. Define sn(x) :=
∑n

i=0
xi

i! . We have the 
following existence result.

Proposition 5.2 (c-Wieferich primes horizontal existence criterion). Let p be a prime. If 
there exists an α ∈ F×

p such that sp−1(−α−1) = 0, then T p − T − α is a c-Wieferich 
prime in Fp[T ].

Proof. Fix α ∈ F×
p and define un by, u0 = 1, un = (−1)n +nαun−1 for 1 ≤ n < p. Then,

un

n!αn
= (−1)n

n!αn
+ un−1

(n− 1)!αn−1 = (−1)n

n!αn
+ (−1)n−1

(n− 1)!αn−1 + un−2

(n− 2)!αn−2 = · · ·

=
n∑

i=0

(−1)i

i!αi
= sn(−α−1).

So up−1 = −sp−1(−α−1). Now Fn = (−1)n +[n]Fn−1 ≡ (−1)n +nαFn−1( mod T p−T −
α) for n ≥ 1 and F0 = 1. So un ≡ Fn( mod T p − T − α). Therefore, if sp−1(−α−1) = 0, 
then up−1 ≡ Fp−1 ≡ 0( mod T p − T − α), where T p − T − α is an Artin Schreier prime 
in Fp[T ]. The result follows from Proposition 4.3. �
Remark 5.3. Proposition 5.2 is a horizontal existence result because, we vary p to give a 
criterion for c-Wieferich primes in Fp[T ], as opposed to searching c-Wieferich primes of 
higher degrees in Fp[T ] for a fixed p. D. Thakur pointed out to the author that he had 
also discovered the same existence result [18, Pages 8, 11].
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The description below is experimental and no proofs are available at the moment. 
Computations indicate that about 66% of the primes p < 107 satisfy the congruence in 
Proposition 5.2. This motivates us to ask:

1. Are there infinitely many primes p1 such that sp1−1(α) = 0 for some α ∈ F×
p1

?
2. Are there infinitely many primes p2 such that sp2−1(β) �= 0 for all β ∈ F×

p2
?

The examples of c-Wieferich primes obtained by the horizontal existence result above all 
have a property that they are invariant under the translation automorphisms of Fp[T ]. 
This turns out to be an important property characterising many c-Wieferich primes in 
Fp[T ]. In the subsequent results, we explore this in detail.

Suppose m ∈ Fp[T ], we say m is an Fp-fixed (Fp-translation invariant) polynomial if 
m(T + i) = m(T ) for any i ∈ Fp. Equivalently, m is Fp-fixed if m(T + 1) = m(T ). Since 
#Fp is a prime p, Fp is the only non-trivial subgroup of Fp, the term fixed polynomial
in Fp[T ] will be used to mean Fp-fixed polynomials in Fp[T ]. On the other hand, we say 
m ∈ Fp[T ] is non-fixed if m(T + 1) �= m(T ), for example m = T .

Proposition 5.4. Let f ∈ Fp[T ], then f is a fixed polynomial if and only if f = g([1]) for 
some g ∈ Fp[T ].

Proof. (⇐) This follows immediately from the fact that [1] is fixed. (⇒) For the converse 
statement, assume f is a monic fixed polynomial of degree n and define f0 := f . Then f0
is fixed implies g1 = f0−f0(0) is also fixed. Moreover, T divides g1 since g1(0) = 0. Since 
g1 is fixed, g1 is divisible by all the translates T + α, α ∈ Fp and so, [1] divides g1. Let 
f1 = [1]−sg1, where s is the number of times T divides g1, then repeat the procedure. 
Since f is a polynomial, this procedure terminates (after at most n steps). Looking at 
the sequence of operations in reverse reveals that f is a polynomial in [1]. �
Remark 5.5. The precise formulation of Proposition 5.4 is due to A. Keet and D. Thakur.

Corollary 5.6. If m is a fixed polynomial in Fp[T ], then its degree is divisible by p.

A prime P ∈ Fp[T ] is a fixed c-Wieferich prime if in addition to being a fixed poly-
nomial, it is also a c-Wieferich prime (or vice versa). A non-fixed c-Wieferich prime in 
Fp[T ] is a c-Wieferich prime that is not Fp-fixed.

Theorem 5.7. There are infinitely many fixed prime polynomials in Fp[T ].

Proof. Let m ∈ Fp[T ] and orb(m) = {m(T + i) : i ∈ Fp}. Since Fp is a cyclic group 
of order p, where p is a prime, |orb(m)| is either 1 or p. An m ∈ Fp[T ] is fixed if and 
only if #orb(m) = 1. Let πFp[T ](s) be the number of primes in Fp[T ] of degree s. If 
πFp[T ](s) �≡ 0( mod p), then there is a fixed prime P ∈ Fp[T ]. Let n be a positive integer, 
w > 0 and suppose that pw‖n, say n = pwn0. By Gauss’ formula, we have
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πFp[T ](n) = 1
n

∑
d|n

μ(d)pn
d = 1

n0

∑
d|n

μ(d)pn
d −w ≡ −

μ( n
w )

n0
�≡ 0(mod p),

if and only if n
w is a squarefree positive integer. We obtain fixed primes whenever p is 

odd, w = 1 and n0 square-free or p = 2, n is 2n0 or 4n0 and n0 is square-free. �
For a generalised result of Theorem 5.7 and count of fixed primes in Fp[T ], refer to 

[10, Theorem 3.1.32].

Remark 5.8. Although Fn ∈ Fp[T ] is an Fp-fixed polynomial, not all of its prime factors 
are actually fixed primes. Take for example, F3 as an element of F2[T ] or as an element 
of F3[T ].

We also state and prove Lemma 5.9 which will be important in the proof of Theo-
rem 5.10.

Lemma 5.9. Every fixed prime in Fp[T ] is a product of Artin Schreier primes in Fps [T ]
for some s > 0.

Proof. Let f ∈ Fp[T ] be a fixed prime of degree ps, where s ≥ 1 and α ∈ Fpps be a root 
of f but not in any Fpps sub-extensions. Since f is irreducible over Fp of degree ps, we 
have Fpps := Fp(α) is the splitting field of f over Fp. Since f is fixed, for any chosen root 
α ∈ F×

pps , of f , α + Fp is a subset of roots of f . Consider

g =
∏

j∈{0,1,...,p−1}
(T − (α + j)) = (T − α)p − (T − α) = T p − T − αp + α.

αp − α ∈ F×
pps but is no longer primitive. This is because there is an automorphism σ

of Fpps such that σ(α) = α + 1. The product is fixed by the action of the subgroup 〈σ〉
of Gal(Fpps/Fps), a subgroup which has p elements. Therefore, 〈σ〉 = Gal(Fpps/Fps) and 
the result follows, i.e., NormFpps/Fps

(α) = (−1)p
∏p−1

j=0(α + j) = −αp + α ∈ Fps ⊂ Fpps . 
Since s ≥ 1 and Fpps = Fp(α), we have TrFps/Fp

(αp − α) �= 0. This is because for g to 
be irreducible in Fps [T ], we need αp − α ∈ F×

ps , which follows from the norm above, and 
then the fact that g has no roots in Fps , which is clear by construction. Therefore, g is 
an Artin Schreier polynomial (prime in Fps [T ]) dividing f . All the other roots yield the 
same conclusion, hence the required result. �

Let E, F be finite fields. E/F is Galois and its Galois group Gal(E/F ) is cyclic with 
the Frobenius (x �→ x#F ) as its generator. An α ∈ E is normal over F if {σ(α) :
σ ∈ Gal(E/F )} is a basis of E as an F -vector space. Theorem 5.10 shows that fixed 
c-Wieferich primes factor into Artin Schreier primes in Fps [T ] for some s > 0.
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Theorem 5.10. Existence of a fixed c-Wieferich prime of degree ps in Fp[T ] is equivalent 
to the existence of an element α ∈ Fps normal over Fp with TrFps/Fp

(α) �= 0 such that 
Fps−1 ≡ 0( mod T p − T − α).

Proof. (⇐) Given Fps−1 ≡ 0( mod T p − T − α), we have Fps−1 = (T p − T − α)g, for 
some monic polynomial g ∈ Fps [T ]. Since α ∈ Fps is normal over Fp, the absolute trace 
of α over Fp is nonzero. By [8, Corollary 3.79], T p − T − α is irreducible over Fp. For 
each automorphism σ ∈ Gal(Fps/Fp), σ(α) is a conjugate to α, so

Fps−1 = σ(Fps−1) = σ(T p − T − α)σ(g) = (T p − T − σ(α))σ(g)

≡ 0(mod T p − T − σ(α)).

Let Qps = (T p−T −α1) · · · (T p−T −αs), where αi are α-conjugates; so Fps−1 ≡ 0( mod
Qps). The coefficients of Qps are invariant under Gal(Fps/Fp) which implies Qps ∈ Fp[T ]. 
Since the αi ∈ Fps are normal over Fp, Qps is irreducible over Fp and has degree ps. By 
Proposition 4.3, Qps is a fixed c-Wieferich prime.

(⇒) Let f be a fixed c-Wieferich prime of degree ps. By Lemma 5.9, f factors into s
distinct polynomials T p − T − α, where TrFps/Fp

(α) �= 0 and α ∈ Fps is normal over Fp. 
So Fps−1 ≡ 0( mod T p − T − α). �

We hope the above results can be extended to Fq. However, preliminary results suggest 
that this comes at a cost, the notion of Fp-fixed is replaced by G-fixed polynomials, where 
G is a (non-trivial) subgroup of Fq.

6. Computing Carlitz Wieferich primes in FFFp[T ]

In this section, we present two algorithms for computing fixed c-Wieferich primes in 
Fp[T ], highlight some new examples, open questions. We use Proposition 4.3 to develop 
Algorithm 1 which is used to compute the product of c-Wieferich primes to a prescribed 
degree. Algorithm 1 has an input as p – the number of elements in Fp, (the algorithm 
works for general q) and n – the degree of the c-Wieferich primes; and outputs the 
product of c-Wieferich primes of degree dividing n. In step 1, F is initialised at F0 = 1, 
in step 2, the algorithm recursively computes Fi up to Fn−1. In step 3, it computes the 
gcd of Fn−1 and [n].

Algorithm 1 Computing c-Wieferich primes I.
Input: p – the size of Fp, and n – degree of the c-Wieferich prime required.
Output: Product of c-Wieferich primes of degree dividing n.
1. F ←− 1 and F is an empty list.
2. for i = 1 to n − 1

F ←− (−1)i + (Tpi − T )F
3. F ←− (Tpn − T, F ) // gcd of [n] and Fn−1, the product of c-Wieferich primes of degree dividing n.
Return: F
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Table 1
c-Wieferich primes in F3[T ] and F5[T ].

q Degree bound c-Wieferich primes P

3 18 T 6 + T 4 + T 3 + T 2 + 2T + 2, T 9 + T 6 + T 4 + T 2 + 2T + 2,
T 12 + 2T 10 + T 9 + 2T 4 + 2T 3 + T 2 + 1

5 15 T 5 + 4T + 1 and T 10 + 3T 6 + 4T 5 + T 2 + T + 1
7 10 T 7 + 6T + 3

Table 2
Elements in sub-extensions of F3 normal over F3 and the corresponding c-Wieferich primes.

s ft
min(x) Non-conjugate elements of α ∈ F3s

normal over F3

c-Wieferich primes P

1 – – –
2 x2 + 2x + 2 {2t, t + 2} T 6 + T 4 + T 3 + T 2 + 2T + 2
3 x3 + 2x + 1 {t2, t2 + t + 1, t2 + 2t + 1} T 9 + T 6 + T 4 + T 2 + 2T + 2
4 x4 + 2x3 + 2 {t3 + t2 + t + 2, 2t3 + 2t2 + 2t + 2,

t3 + t2 + 2, 2t3 + 2t2}
T 12 + 2T 10 + T 9 + 2T 4 + 2T 3 + T 2 + 1

5 x5 + 2x + 1 {t3 + 2t2 + 2t + 1, 2t4 + 2t3 + 2t,
2t4 + t2, t3 + t2 + 1, 2t4 + 2t3 + 2t2 + 2t}

T 15 + T 13 + T 12 + T 11 + 2T 10 + 2T 7

+ 2T 5 + 2T 4 + T 3 + T 2 + T + 1
6 – – –

We implemented Algorithm 1 in SAGE [14] on a 32-bit duo-core Intel microprocessor 
with 2GB of RAM. We present our results in Table 1. We have highlighted (in blue) the 
examples of new c-Wieferich primes.

The first shortcoming of Algorithm 1 is that it requires a lot of computation memory 
due to the astronomical growth in the degrees of the polynomials involved. This makes 
gcd storage hard and computation very slow.

We used Theorem 5.10 to develop Algorithm 2, a better scheme for large degree 
c-Wieferich primes in Fp.

Algorithm 2 Computing fixed c-Wieferich primes.
Input: p, s, and W , the list of non-conjugate elements of Fps normal over Fp.
Output: List of fixed c-Wieferich primes of degree ps.
1. F ←− 1, F and W are empty lists.
2. for α in W

for i = 1 to ps − 1
F ←− (−1)i + iαF

if F = 0
W ←− α

3. w ←− 1.
4. for i = 1 to size of W

w ←− (Tp − T − Wi)w // Wi is the ith element in W. (This computation occurs in Fps [T ].)
5. F ←− prime factors of w as an element in Fp[T ]. // (This computation occurs in Fp[T ].)
Return: F

Tables 2 and 3 show the first few fixed c-Wieferich primes in F3[T ] and F5[T ]. In the 
third column(s) are the non-conjugate elements in subfields of Fp normal over Fp that 
were used to compute c-Wieferich primes.
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Table 3
Elements in sub-extensions of F5 normal over F5 and the corresponding c-Wieferich primes.

s ft
min(x) Non-conjugate elements of α ∈ F5s

normal over F5

c-Wieferich primes P

1 x + 1 {4} T 5 + 4T + 1
2 x2 + 4x + 2 {2t + 2, 3t + 4} T 10 + 3T 6 + 4T 5 + T 2 + T + 1
3 x3 + 3x + 3 – –
4 x4 + 4x2 + 4x + 2 {t3 + t2 + 4, 3t3 + 3t2 + t + 4, t + 4,

t3 + t2 + 3t + 4}
T 20 + T 16 + 4T 15 + T 12 + 3T 11 + T 8

+ 2T 7 + T 5 + T 4 + T 3 + 4T + 1
5,6 – – –

Table 4
c-Wieferich primes in Fp[T ] for small degree and p ∈ {3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 37}.
p Degree bound Fixed c-Wieferich primes P

3 30 T 6 + T 4 + T 3 + T 2 + 2T + 2, T 9 + T 6 + T 4 + T 2 + 2T + 2,
T 12 + 2T 10 + T 9 + 2T 4 + 2T 3 + T 2 + 1
and T 15 + T 13 + T 12 + T 11 + 2T 10 + 2T 7 + 2T 5 + 2T 4 + T 3 + T 2 + T + 1

5 30 T 5 + 4T + 1, T 10 + 3T 6 + 4T 5 + T 2 + T + 1
and T 20 + T 16 + 4T 15 + T 12 + 3T 11 + T 8 + 2T 7 + T 5 + T 4 + T 3 + 4T + 1

7 35 T 7 + 6T + 3 and T 14 + 5T 8 + 5T 7 + T 2 + 2T + 3
11 44 T 11 + 10T + 4 and T 33 + 8T 23 + 4T 22 + 3T 13 + 3T 12 + 10T 11 + 10T 3 + 4T 2 + T + 4
13 52 T 13 + 12T + 1 and T 13 + 12T + 8,
17 51 –
19 57 T 19 + 18T + 2
23 69 –
29 87 T 58 + 27T 30 + 15T 29 + T 2 + 14T + 3
31 93 T 31 + 30T + 20, T 62 + 29T 32 + 18T 31 + T 2 + 13T + 2 and

T 93 + 28T 63 + 16T 62 + 3T 33 + 30T 32 + 24T 31 + 30T 3 + 16T 2 + 7T + 30
37 74 T 37 + 36T + 1, T 37 + 36T + 7, T 37 + 36T + 15, T 37 + 36T + 21,

T 74 + 35T 38 + 12T 37 + T 2 + 25T + 5

We demonstrate how to compute the c-Wieferich prime P = T 6+T 4+T 3+T 2+2T+2
in F3[T ], (see line 2 of the Table 2). To determine fixed c-Wieferich primes of degree 6
in F3[T ] according to Theorem 5.10, we set the degree of the extension to be s = 2
and search all the elements of F32 normal over F3. For example, we used the quadratic 
field F3(t) with x2 + 2x + 2 as the minimal polynomial of t. Using SAGE [14], we 
found {2t, t + 2} as the elements of F32 normal over F3 and satisfy the congruence in 
Theorem 5.10. Then P = (T 3−T−2t)(T 3−T−(t +2)) = (T 3−T )2−2(T 3−T ) +2t(t +2) =
T 6 + T 4 + T 3 + T 2 + 2T + 2.

We implemented Algorithm 2 in SAGE [14] and our results are recorded in Table 4.

Question 6.1. Suppose p > 2. Are there finitely many fixed c-Wieferich primes in Fp[T ]?

Our calculations with Algorithms 1 and 2 show that for p > 2, many c-Wieferich 
primes in Fp[T ] are fixed. The only examples of non-fixed c-Wieferich primes are in 
F2[T ]. This motivates us to ask the following question.

Question 6.2. Suppose q > 2. Are there examples of non-fixed c-Wieferich primes in 
Fq[T ]?
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The partial answer to Question 6.2 is yes: for example, we considered the field F32

with a primitive element t such that f t
min(x) = x2 + 2x + 2 is irreducible over F3. Using 

SAGE [14], we found that P0 = T 3 + (t + 1)T + 1 is one of the c-Wieferich primes in 
F32 [T ]. We let G1 = {0, 1, 2} and G2 = {0, t + 2, 2t + 1} both additive subgroups of F32

of order 3. It is easy to check that P0 is invariant under translation by G2 but not G1. 
So P0 is a G2-fixed c-Wieferich prime. The prime polynomial P0 is not invariant under 
translation by F32 .

7. Non-c-Wieferich primes

Proposition 7.1. Let P be a prime in A. If for some m ∈ A+, ρm−1(1) ≡ 0( mod P ) but 
ρm−1(1) �≡ 0( mod P 2), then P is a non-c-Wieferich prime in A.

Proof. Let E be the Carlitz order of 1 modulo P , so ρE(1) = PM for some M ∈ A. 
Since ρP−1(1) ≡ 0( mod P ) and ρm−1 ≡ 0( mod P ) by hypothesis, it follows that P ≡
1( mod E) and m ≡ 1( mod E). So

ρm−1(1) = ρm−1
E

(ρE(1)) = ρm−1
E

(PM) ≡ m− 1
E

· PM(mod P 2).

By hypothesis, P‖ρm−1(1), so it follows that P does not divide M , hence,

ρP−1(1) = ρP−1
E

(ρE(1)) = ρP−1
E

(PM) ≡ P − 1
E

· PM �≡ 0(mod P 2).

This shows that P is a non-c-Wieferich prime. �
Lastly, we show that there are infinitely many non-c-Wieferich primes in A.

Theorem 7.2. Let q > 2. There is at least a (1 − 1
q−1 ) proportion of degree d non-c-

Wieferich primes in A.

Proof. The degree of the product of primes of degree d is asymptotically qd whereas that 
of Fd−1 is asymptotically qd

q−1 . So for large d, there is at least a (1 − 1
q−1 ) proportion of 

degree d non-c-Wieferich primes. �
Corollary 7.3. For q > 2, there exist infinitely many non-c-Wieferich primes in A.

Remark 7.4. Motivated by our proof of Corollary 7.3, D. Thakur proposed Theorem 7.2
to us.

Remark 7.5. In a recent email, D. Thakur has pointed out to the author that Theorem 7.2
and subsequently Corollary 7.3 have also been proved independently by B. Anglés and 
M. Duoh in [1] using similar arguments.

Remark 7.6. Corollary 7.3 is the Carlitz module analogue of [13, Theorem 1].
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